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Abstract
Let F be a :eld of characteristic 0, not necessarily algebraically closed, and G be an additive
subgroup of F . For any total order on G which is compatible with the group addition, and for
any c˙; h∈F , a Verma module M˜ (c˙; h) over the generalized Virasoro algebra Vir[G] is de:ned.
In the present paper, the irreducibility of Verma modules M˜ (c˙; h) is completely determined.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let F be a :eld of characteristic 0, not necessarily algebraically closed. The Vi-
rasoro algebra Vir :=Vir[Z] (over F) is by de:nition a Lie algebra with an F-basis
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{c; Li | i∈Z} and subject to the following commutator relations
[c; Li] = 0;





The structure and representation theory for the Virasoro algebra has been well
developed. For details, we refer the readers to [4,3,5,13] and the references therein. The
centerless Virasoro algebra is essentially a Witt algebra, and Witt algebras in positive
characteristic were studied by many authors, for instance, Zassenhaus [16], Strade [12],
Ree [11] Osborn [8], Passman [9] and Wilson [15].
Generalized Virasoro algebras Vir[G] in characteristic 0 were introduced by Patera
and Zassenhaus in [10], which are Lie algebras obtained by replacing the index group Z
with an arbitrary subgroup G of the base :eld F , which are also the one-dimensional
universal central extensions of some generalized Witt algebras [1]. Representations
for generalized Virasoro algebras Vir[G] have been studied in several references. In
[14], all weight modules with weight multiplicity 1 were determined, which are some
so-called intermediate series modules. In [7], it was proved that all irreducible Harish–
Chandra modules over the generalized Virasoro algebra Vir[Q] over C are intermediate
series modules (where Q is the rational numbers :eld and C is the complex numbers
:eld). In [6], the irreducibility of Verma modules with zero central charge over the
generalized Virasoro algebra Vir[Zn] over C was discussed. Some of the proofs in [6]
are too concise to understand.
In the present paper, for any total order on G which is compatible with the group
addition, and for any c˙; h∈F , a Verma module M˜ (c˙; h) over the generalized Virasoro
algebra Vir[G] is de:ned. We completely determine the irreducibility of Verma mod-
ules M˜ (c˙; h) over the generalized Virasoro algebra Vir[G] for arbitrary G. This extends
the results in [6] in three aspects and corrects a mistake there (see Remark 3.2). First,
F is an arbitrary :eld of characteristic 0, not necessarily algebraically closed; second,
we allow the central charge to be arbitrary, not necessarily for 0 charge; third, we
allow the group G to be arbitrary, not only Zn. If G does not have a positive minimal
element with respect to the total order used by the Verma module, then the Verma
module M˜ (c˙; h) over the generalized Virasoro algebra Vir[G] is irreducible if and only
if (c˙; h) =(0; 0) (Theorem 3.1); If G has the positive minimal element a with respect to
the total order used by the Verma module, then the Verma module M˜ (c˙; h) over the gen-
eralized Virasoro algebra Vir[G] is irreducible if and only if the Vir[Za]-module gen-
erated by a :xed highest weight generator is irreducible over Vir[Za] (Theorem 3.1).
2. Generalized Virasoro algebras
Let U :=U (Vir) be the universal enveloping algebra of the Virasoro algebra Vir.
For any c˙; h∈F , let I(c˙; h) be the left ideal of U generated by the elements
{Li | i¿ 0} ∪ {L0 − h · 1; c − c˙ · 1}:
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Then the Verma module with highest weight (c˙; h) for Vir is de:ned as M (c˙; h) :=
U=I(c˙; h), which is a highest weight module of Vir with a basis consisting of all vectors
of the form
L−i1L−i2 · · ·L−ik vh; k ∈N ∪ {0}; ij ∈N; ∀j and ik¿ · · ·¿ i2¿ i1¿ 0:
For more details, see [4].
Let G ⊆ F be an additive subgroup.
Denition 2.1. The generalized Virasoro algebra V˜ir :=Vir[G] (over F) is a Lie
algebra with an F-basis {c; L |∈G} and subject to the following commutator re-
lations
[c; L] = 0;





For any x∈G∗ :=G \{0}, it is clear that xZ ⊆ G. Let Vir[xZ] be the F-subspace of
V˜ir spanned by {c; Lxi | i∈Z}. Clearly, Vir[xZ] is a Lie subalgebra and it is isomorphic
to Vir. More precisely, we have
Lemma 2.2. The map
 : Vir[Z]→Vir[xZ]
c → xc;
Li → x−1Lxi + 
i;0 x − x
−1
24
c; for each i∈Z
extends uniquely to a Lie algebra isomorphism between Vir[Z] and Vir[xZ].
This follows from straightforward veri:cations. We omit the details.
Throughout this paper, we :x a total order “” on G. In particular, x  y and y  x
imply x = y. We assume further that such a total order “” is compatible with the
addition, i.e., x  y implies x + z  y + z for any z ∈G. Let
G+ := {x∈G | x  0}; G− := {x∈G | x ≺ 0}:
Then G = G+ ∪ {0} ∪ G−.
For a V˜ir-module V and c˙; ∈F , let Vc˙;  := {v∈V |L0v = v; cv = c˙v} denote the
weight space of V corresponding a weight (c˙; ). When c acts as a scalar c˙ on the whole
space V , we shall also write V instead of Vc˙; , and de:ne supp(V ) := {∈F |V =0},
which is generally called the weight set of V . For any c˙; h∈F , let M˜ (c˙; h) be the
Verma module for V˜ir (which is de:ned by using the order “” and the same fashion
as that for Vir at the beginning of this section). Then c acts as c˙ on M˜ (c˙; h) and
supp(M˜ (c˙; h)) = h + G+. For any x∈G+, let M˜ x(c˙; h) be the Vir[xZ]-submodule of
M˜ (c˙; h) generated by a :xed highest weight generator. Note that the subgroup xZ is
also a “totally ordered abelian group”, inheriting the order “” from G. It is easy to
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see that
xa  xb if and only if a¿b; for each a; b∈Z: (2.1)
As a result, we have









Proof. This is clear by Lemma 2.2.
3. The main result
Recall that (G;) is a “totally ordered abelian group”. It is not diRcult to see that
either
for any x∈G+; #{y∈G | 0 ≺ y ≺ x}=∞; (3.1)
or
there exists an a∈G+ such that #{y∈G | 0 ≺ y ≺ a}= ∅: (3.2)
If (3.1) holds, we call the order dense; if (3.2) holds, the order is called discrete.
The main result in this paper is
Theorem 3.1. Let c˙; h∈F .
(1) With respect to a dense order “” of G the Verma module M˜ (c˙; h) is an





i1 ;:::; ik∈G+ ; k¿0
FL−i1 · · ·L−ik v0;
then M˜
′
(0; 0) is an irreducible submodule of M˜ (0; 0) if and only if for all x; y;∈ G+,
there exists a positive integer n such that nx  y.
(2) With respect to a discrete order “” of G the Verma module M˜ (c˙; h) is
an irreducible Vir[G]-module if and only if M˜ a(c˙; h) is an irreducible Vir[aZ]-module.
Proof. (1) Suppose the order “” of G is dense. Let vh be a :xed highest weight
generator in M˜ (c˙; h) of weight h. Let u0 =0 be any given weight vector in M˜ (c˙; h).





FL−j1 · · ·L−js vh:
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It is clear that LxVm ⊆ Vm for any x∈G+. We want to prove that L−xvh ∈U (Vir[G])u0
for any x∈G+. We divide the proof into three steps:
Step 1: We claim that there exists a weight vector u∈U (Vir[G])u0 of weight 
such that, for some r ∈N,
u ≡ L−"r · · ·L−"1vh (mod Vr−1);
where "j ∈G+; ∀ j, and "r ≺ · · · ≺ "1. And  = h.
It is clear that u0 ∈Vr \ Vr−1 for some r ∈N. If r6 1, our claim clearly holds. So





a jL−j1 · · ·L−jr vh (mod Vr−1);
where j= (j1; : : : ; jr). Let I := {(j1; : : : ; jr) | a j =0}. From our assumption, I = ∅. For
any j := (j1; : : : ; jr); j′ := (j′1; : : : ; j
′
r)∈ I , we de:ne
j  j′ if and only if
{
there exists some 16 s6 r such that js  j′s;
and jt = j′t for any t ¿ s:
Let
i := (i1; : : : ; ir); i1 4 · · · 4 ir
be the unique maximal element in I .
By our assumption that “” is a dense order, we can always :nd some "1 ∈G+,
such that "1 ≺ i1 and




−ir vh ≡ s(2ir − "1)L−"1Ls−1−ir vh (mod Vs−1)
and commutator relations for Vir[G], and noting that ir − "1 − jk ¡ 0 for any j∈ I





a(1)j L−"1L−j1 · · ·L−jr−1vh (mod Vr−1);
where
I (1) := {("1; j1; : : : ; jr−1) | a(1)j =0} = ∅:
Moreover, i(1) := ("1; i1; : : : ; ir−1) is the unique maximal element in I (1).
Now for s= 2; : : : ; r, we de:ne recursively and easily prove by induction that
(1) Let "s ∈G+ such that "s ≺ "s−1 and
{x∈G | ir−s+1 − "s ≺ x ≺ ir−s+1} ∩ {jr−s+1; jr−s | j∈ I (s−1)}= ∅:
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a(s)j L−"s · · ·L−"1L−j1 · · ·L−jr−s vh (mod Vr−1);
(3) Let I (s) := {("s; : : : ; "1; j1; : : : ; jr−s) | a(s)j =0}. Then I (s) = ∅. Moreover, i(s) :=
("s; : : : ; "1; i1; : : : ; ir−s) is the unique maximal element in I (s).
Step 1 follows immediately by letting s= r.
Step 2: We claim that there exists some x∈G+ such that L−xvh ∈U (Vir[G])u0.
By the result of Step 1, there is a weight vector u∈U (Vir[G])u0 of weight  = h
such that




b jL−j1 · · ·L−jk vh;
where js; "s ∈G+; ∀ s, and "r ≺ · · · ≺ "1. Let I0 := {(j1; : : : ; jk) | b j =0}, j(0) :=
min{"r ; j1 | j := (j1; : : : ; jk)∈ I0}. Let "∈G+ such that " ≺ j(0). Recall that u is a














f(x) = (x + "r)(x − "r + "r−1) · · · (x − "r − "r−1 − · · · − "2 + "1);
g j(x) = (x + j1)(x − j1 + j2) · · · (x − j1 − j2 − · · · − jk−1 + jk):
Since degf(x) = r ¿ deg g j(x) for any j∈ I0, it follows that f(x) ∈
∑
j∈I0 Fg j(x).





bjg j(− ") =0:
Hence Step 2 follows.
Step 3: We claim that if L−"vh ∈ W = U (Vir[G])u0, then L−xvh ∈ W for all x ∈
B(") = Z+ − span{y ∈ G+|y  "}, where "∈G+.
Let "′ ∈G+ such that "′ ≺ ". Then L−"′vh = (2" − "′)−1L"−"′L−"vh ∈U (Vir[G])u0.
Since
("′ − ")L−("′+")vh = L−"L−"′vh − L−"′L−"vh ∈U (Vir[G])u0;
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it follows that L−("′+")vh ∈U (Vir[G])u0. Similarly, we deduce that L−xvh ∈ U (Vir[G])u0
where x ∈ Z+"+ Z+"′. Our Claim follows.
Let x = ". For any n∈N,
















Therefore (in this case) vh ∈U (Vir[G])u0, hence M˜ (c˙; h) is irreducible. On the other





i1 ;:::; ik∈G+ ; k¿0
FL−i1 · · ·L−ik v0
is a proper Vir[G]-submodule. If for all x; y ∈ G+ there exist a positive integer n such
that nx  y, by Step 3 and the fact that for any x ∈ G+ there exists y = n"  z,
L−zvh = (2y − z)−1Ly−zL−yvh ∈ W , we see that M˜ ′(0; 0) is in fact an irreducible
Vir[G]-module. If there exists x; y ∈ G+ such that Nx ≺ y, then B(x) ≺ y. It is easy
to verify that W ′ = U (Vir[G]){L−z|z ∈ B(x)}vh is a proper submodule of W since
L−yvh ∈ W ′.
(2) Suppose the order “” of G is discrete. Then aZ ⊆ G. For any x∈G, we write
x  aZ if x  na for any n∈Z. Let H+ := {x∈G | x  aZ}; H− = −H+. It is not
diRcult to see (by (3.1)) that G = aZ ∪ H+ ∪ H−.
It is clear that Vir[H+]M˜ a(c˙; h) = 0. Since
M˜ (c˙; h) ∼= U (Vir[G]) ⊗
U (Vir[aZ]+Vir[H+])
M˜ a(c˙; h);
it follows that the irreducibility of Vir[G]-module M˜ (c˙; h) would imply the irreducibility
of Vir[aZ]-module M˜ a(c˙; h).
Conversely, suppose M˜ a(c˙; h) is an irreducible Vir[aZ]-module. Let u0 ∈ Fvh be
any given weight vector in M˜ (c˙; h). Then u0 ∈Vr \ Vr−1 for some r ∈N. We want to







s∈H+ ; j1 ;:::; jr−s∈aZ+
j′14···4j′s ; j14···4jr−s
a TjL−j′1 · · ·L−j′s L−j1 · · ·L−jr−s vh (mod Vr−1);
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where Tj = (j′1; : : : ; j
′
s; j1; : : : ; jr−s). Let TI := {(j′1; : : : ; j′s; j1; : : : ; jr−s) | a Tj =0}. By our as-
sumption, TI = ∅. For any Tj := (j′1; : : : ; j′s; j1; : : : ; jr−s); Tk := (k ′1; : : : ; k ′t ; k1; : : : ; kr−t)∈ TI , we
de:ne
Tj  Tk if and only if (j1; : : : ; jr−s; j′1; : : : ; j′s)  (k1; : : : ; kr−t ; k ′1; : : : ; k ′t ):
Let
Ti := (i′1; : : : ; i
′
m; i1; : : : ; ir−m); i
′
1; : : : ; i
′
m ∈H+; i1; : : : ; ir−m ∈ aZ+






t−1∈H+ ; j1 ;:::; jr−t∈aZ+
j′14···4j′t−1 ; j14···4jr−t




:= {(j′1; : : : ; j′t−1; a; j1; : : : ; jr−t) | a(1)Tj =0};
Ti
(1)
:= (i′1; : : : ; i
′
m−1; a; i1; : : : ; ir−m):
By our assumption and the commutator relations for Vir[G] we see that a(1)Ti(1) =0, hence
TI




Now for s= 2; : : : ; m, we de:ne recursively and prove by induction that






t−s∈H+ ; j1 ;:::; jr−t∈aZ+
j′14···4j′t−s ; j14···4jr−t




:= {(j′1; : : : ; j′t−s; a; : : : ; a︸ ︷︷ ︸
s times
; j1; : : : ; jr−t) | a(s)Tj =0} = ∅:
Moreover, Ti
(s)
:= (i′1; : : : ; i
′




Now letting s = m and noting that u(m) is a weight vector, we get that 0 = u(m)∈
U (Vir[G])u0 ∩ M˜ a(c˙; h) as required.
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Remark 3.2. Here in Theorem 3.1(1); we obtain that M˜
′
(0; 0) is an irreducible sub-
module of M˜ (0; 0) if and only if for all x; y ∈ G+; there exists a positive integer n
such that nx  y. This corrects a mistake in Theorem 4(3) in [7].
Note that Part (2) of Theorem 3.1 shows some analogy to a result in Section 5.4 of
[2] where it says that a Verma type module over aRne Kac-Moody algebras is simple
if and only if a submodule is simple over a subalgebra.
We would like to conclude this paper with the following question.
Question. Let G be an additive subgroup of F; G  Z . Let G have a compatible total
order “” such that G has a minimal positive element a. Let H+={x∈G|x  Za}. Let
V (c˙; h) be the irreducible highest weight Vir[Za]-module. Make V (c˙; h) into a Vir[H++
Za]-module by de:ning Vir[H+]V (c˙; h)=0. Then we have the induced Vir[G]-module:
V˜ (c˙; h) = U (Vir[G])⊗U (Vir[H++Za]) V (c˙; h). Whether is V˜ (c˙; h) also irreducible?
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